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Abstract

This note contains an extended version of the simple model in the paper titled “Common Fund
Flows: Flow Hedging and Factor Pricing” (Dou, Kogan and Wu, 2023a). Section 1 describes
the extended model. It is a discrete-time, infinite-horizon, overlapping-generations (OLG),
general-equilibrium framework with multiple risky assets, one risk-free asset, and a single
perishable consumption good. We postulate a simple specification of compensation contracts
for fund managers, which is strongly supported in the data. In particular, we specify the
compensation structure of fund managers based on the estimations by Cen et al. (2023) using
US data, and Ibert et al. (2018) using Swedish data. Section 2 provides proofs for the theoretical
results pertaining to the extended model.
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1 Extended Model

1.1 Assets

There are n risky assets in the economy, indexed by i = 1,---,n. Their dividends are stacked
in a n-dimensional vector Dy = [Dyy,- - - ,Dy4]T, and the log dividends are d; = In(D;). The

data-generating process of the log dividend growth rates is

Adiiy = p+ Vhe (B +ee41), (1)
where u; = [uyy, - ,ug! are k primitive factors distributed as ii.d. N(0,I;), and & =

[e1t, -+ ,ens]T are residuals distributed as ii.d. N(0,I,). The n x k matrix B captures the loading
coefficients of the n log dividend growth rates Ad;; on the k factors u;.

By postulating distributional structure (1) for log dividend growth, we assume that the
covariance matrix of assets’” cash flows is mainly captured by that of a few dominant factors,
similar to many other multi-asset portfolio choice and asset pricing models (e.g., Kozak, Nagel and
Santosh, 2018; Koijen and Yogo, 2019). This assumption is consistent with the empirical evidence
documented by Ball, Sadka and Sadka (2009), who show that there is a strong factor structure in
firms” fundamentals.

We assume that the number of assets in this economy, , is large, and various cross-sectional
averages of idiosyncratic shocks, e.g., (1/n)Y ;¢;, are approximately equal to 0, which is
essentially the assumption of the Arbitrage Pricing Theory (e.g., Ross, 1976). In particular, the
number of assets is much larger than the number of primitive factors, i.e., 1 < k < n.

The time-varying uncertainty is characterized by univariate state variable /;, which is driven

by k aggregate shocks u; as follows:!

W1 =h+p(hy — ) + V/Iyouq, withp € (0,1) and o € RV¥¥, (2)

Iwe impose a zero lower bound on /; similar to Bansal and Yaron (2004), Chen, Dou and Kogan (2021), and Cheng,
Dou and Liao (2022).



Without loss of generality, we assume that the 1 X k vector o = [y, -+, 0%] has positive elements,
ie., 0 >0forj=1,---,k

Stock i is a claim to dividend stream D;; fori =1,--- ,n, and is in unit net supply. Similar to
Kozak, Nagel and Santosh (2018), we assume that the supply of the risk-free bond is perfectly
elastic, with a constant risk-free rate of Ry > 1.2 Let rf=1In (R f) denote the log risk-free interest
rate. The return of risky asset i is given by R; ;11 = (Pit+1 + D;jt41)/P; where P;; is the price of
risky asset i at time f for i = 1,-- - ,n. The vector that stacks the risky asset returns is denoted by

Riv1 = [Ryps1, -+, Rypa]T

Log-Linear Approximation. We use a log-linear approximation to characterize the equilibrium
relation among consumption, portfolio holdings, and asset prices analytically. The log return

vector, 7111 = In(R441), can be expressed as
ree1 ~ Lz — 24 + Adpq + 4, 3)

where z; = In(P;/Dy) is the n x 1 vector of log price-dividend ratios with elements z;; =
In(P;+/Dj;). The matrix L in (3) is a n x n diagonal matrix with the ith diagonal element equal
to L; = €% /(1+¢%) € (0,1), where Z; is the long-run average of the log price-dividend ratio for
asset i. The vector £ in (3) is a n x 1 vector with the ith element equal to ¢; = —In (L;) + (1 —
Li)In(1/L; —1).

We conjecture that the log price-dividend ratio is an affine function of the aggregate state

variable h;:

ze &+ g (he — h), (4)

where 7, ;, € R"*! are constant vectors to be determined in equilibrium.

Based on the representation of log returns in (3) and the equilibrium log price-dividend ratio

2We fix the risk-free rate in the model for tractability. This assumption is not unreasonable for the US market,
where US Treasuries are largely held and traded by foreign investors, and the risk-free rate is not determined entirely
by domestic demand (e.g., Gourinchas and Rey, 2007; Caballero, Farhi and Gourinchas, 2008; Dou and Verdelhan,
2017).



in (4), equilibrium log returns r; 1 can thus be characterized as follows. The proof is in Section 2.1.

Proposition 1.1 (Excess log returns of risky assets). The equilibrium excess log returns of risky assets

are

re1 — el A e+ Ve (Kug o + 1), (5)

where 1 € R"™ ! is a vector of ones, uy € R 1 is the conditional expected excess log return given the

information set up to time t, and K € R™*¥ captures stock returns’ systematic risk exposure:
Ut = (pL — In)ghht and K = LghO'—l— B, (6)

where B is defined in (1), p and o are defined in (2), L is defined in (3), and (), is defined in (4). The

variance-covariance matrix of the log returns is
Y = Xhy, with ¥ = I, + KK". (7)

In principle, factor models can arise in the equilibrium whether expected returns reflect
systematic risk or mispricing. The macro factors ;1 can capture systematic risks for which
investors require compensation, or they can capture common sources of mispricing, such as
market-wide investor sentiment (e.g., Hirshleifer and Jiang, 2010; Stambaugh and Yuan, 2016;
Kozak, Nagel and Santosh, 2018).3 Particularly, if the kth column of the loading matrix B in
(1) is zero and the kth element of ¢ in (2) is strictly positive, the macro factor u; tends to be a
non-fundamental one (e.g., a sentiment factor or “mispricing factor”).

Next, we approximate the portfolio’s log return. Let r;11(¢) = In[R;11(¢)] denote the log

return of the portfolio with weights ¢ € R"*!. Then, we approximate the portfolio’s log return as

ripa(@) e+ ¢  (ry —rpl) + %CPT (v — Z4gp), (8)

3Moreover, as emphasized, for example, by Long et al. (1990), there need not be a clear-cut distinction between
mispricing and risk compensation as alternative justifications for multi-factor models of expected return. Specifically,
Long et al. (1990) show that fluctuations in market-wide sentiment of noise traders give rise to a source of systematic
risk for which rational traders require compensation.



where v; = diag(Xy) is the vector that contains the diagonal elements of ¥;.

1.2 Funds

To focus on the common component of fund flow shocks, we assume that the funds are homoge-
nous.? The funds are typically active mutual funds and pension management, while fund clients
are typically individual investors and pension sponsors. Funds can trade all assets freely, and they
charge an advisory fee from fund clients. The advisory fee is a constant f > 0 fraction of AUM.”

Similar to the framework of Berk and Green (2004), we assume the active funds have skillful
managers and information advantages to add value by generating ex-ante expected excess return
relative to passive investment strategies. As argued by the literature (e.g., Vayanos and Woolley,
2013; Berk and van Binsbergen, 2015, 2016a; Pedersen, 2018; Leippold and Rueegg, 2020), there are
some meaningful ways for active funds to outperform (i.e., add value) as a group.® Specifically,
the value extracted by a mutual fund from the capital markets can be conceptualized as a wealth
transfer from passive to active funds, which can occur in at least three distinct ways.

First, active fund managers can operate as informed arbitrageurs, capitalizing on new infor-
mation to earn returns at the expense of uninformed investors, particularly index funds. This
dynamic is grounded in the theoretical framework established by Grossman and Stiglitz (1980)
and Garcia and Vanden (2009).

Second, because index funds are compelled to closely track their benchmark indices, they
inherently generate demand for immediacy in trading, often incurring associated costs. Active fund
managers, unbound by such strict index-tracking mandates, have the opportunity to sidestep these
costs of immediacy. Moreover, they have the potential to act as liquidity providers, positioning
themselves to earn additional returns. Third, benchmark indices do not contain all available assets

in the markets such as frontier markets, emerging markets, and private markets. This provides

4Heterogenous funds have been considered in studies on cross-fund flows (e.g., Berk and Green, 2004; Barber,
Huang and Odean, 2016; Berk and van Binsbergen, 2015; Roussanov, Ruan and Wei, 2021).

SDifferent from Berk and Green (2004) and Kaniel and Kondor (2013), we assume exogenous constant expense
ratio f for simplicity. The expense ratio can be endogenized similar to Kaniel and Kondor (2013).

The authors show that the argument claiming it to be impossible for the average active fund manager to add
value in a fully rational equilibrium (Sharpe, 1991) relies upon extremely strong assumptions.



ample scope for active fund managers to diverge from benchmark indices and explore profitable
investment opportunities (e.g., Vayanos and Woolley, 2013).

Consider an active fund with Q; assets under management (AUM). The value added by this
fund is represented in reduced form by xQ;, which is presumed to be independent of the fund’s
specific portfolio composition. The expected excess return, denoted by &, reflects the fund’s
gross alpha prior to the deduction of expenses and fees. Active funds incur various costs, which
we assume to be increasing and convex in the AUM of the fund, as in Berk and Green (2004).
Specifically, an active fund of size Q; incurs a total cost of ¥ (g;) W;, where W; is the total wealth of

all agents, g+ = Q/W;, and

¥(q) =6 4'¢, with & > 0and 6 > 0. 9)

Our specification essentially implies decreasing returns to scale for active funds.

The literature has advanced two hypotheses regarding the nature of the convex operating cost.
The first one is fund-level decreasing returns to scale: as the size of an active fund increases, the
fund’s ability to outperform its benchmark declines (e.g., Perold and Salomon, 1991; Berk and
Green, 2004). The second hypothesis is industry-level decreasing returns to scale: as the size of the
active mutual fund industry increases, the ability of any given fund to outperform declines (Pastor
and Stambaugh, 2012; Péstor, Stambaugh and Taylor, 2015). Both hypotheses are motivated by the
price impact of trading and they are not mutually exclusive. At the fund level, a larger fund’s
trades have a larger impact on asset prices, eroding the fund’s performance. At the industry
level, as more money chases opportunities to outperform, prices move, making such opportunities
more elusive. Consistent with such price impact of trading, there is mounting evidence showing
that trading by mutual funds can exert meaningful price pressure in equity markets. Edelen and
Warner (2001) and Ben-Rephael, Kandel and Wohl (2011) find that aggregate flow into equity
mutual funds has an impact on aggregate market returns. Coval and Stafford (2007), Edmans,
Goldstein and Jiang (2012), Khan, Kogan and Serafeim (2012), and Lou (2012) also find significant

tirm-level price impact associated with mutual fund trading. Edelen, Evans and Kadlec (2007)



argue that trading costs are a major source of diseconomies of scale for mutual funds.

The expected excess total payout by the active funds to their clients is

net gain of funds

A\

TP = &Q; — ¥ (q:)Wi — fQs, (10)

where &Q; is the value added by the active funds, ¥ (g;)W; is the cost incurred by the active funds
to create the gross alpha, and fQ; is the management fee charged by the active fund in period t¢.
We define the net alpha as a; = %, which is the expected return received by the fund clients

in period t in excess of the benchmark return:

ar =a—9(q:) — f, (11)

where ¢(q:) =Y (q:)/q: = 9*1q§. We assume that ¢ = 1 for the rest of this paper, and thus, the
relation (11) can be rewritten as a linear relation between the amount of asset management service

supplied by funds and the net alpha:
qt = 9(& — Dét) - Qf (12)

1.3 Agents

Different Types of Agents. The economy is populated by three different types of agents: direct
investors, fund clients, and active fund managers. All investors can invest in and trade the risk-free
asset. Direct investors, labeled by d, have to trade risky assets directly on their own accounts
or hold passive investments such as benchmark indices; they are mainly index funds, passive
exchange-traded funds (ETFs), and individual retail investors. Fund clients, labeled by ¢, have
to delegate their risky-asset investments to professional active fund managers.” Fund clients can

be retail individual investors or institutional investors such as pension sponsors or university

"This is a simplification. In the online appendix, we present an extended model in which fund clients can choose
to trade risky assets directly.



endowments (e.g., Gerakos, Linnainmaa and Morse, 2021). Active fund managers, labeled by m,
operate the funds, consume their fund revenues, and can invest in the risk-free asset on their own
accounts to smooth consumption over time.

All agents live for two periods, forming overlapping generations (OLGs). Cohort-t agents are
born in period t and die in period t 4- 1. All agents have the same Epstein-Zin-Weil preference with
a unitary elasticity of intertemporal substitution (EIS), a relative risk aversion (RRA) coefficient
equal to v, and subjective discount rate equal to . Each agent in cohort t cares about her
consumption in period t (when she is young) and the bequest to her descendants in period ¢ + 1
(when she is old). The utility function of agents of cohort ¢ and type i is

Uie = (1= B)In (Cyp) +B(1—7) "' InE; [W), |, fori € {d,c,m}, (13)

where C;; and Wl’/t+1 are cohort t’s consumption and effective wealth in periods t and t + 1,
respectively.

A unit measure of newly born investors arrives at the beginning of each period. Investors
are randomly assigned as fund clients with probability A or as direct investors with probability
1 — A. As a result, the newly-born direct investors are endowed with (1 — A)W; as their total initial
wealth, while the newly-born fund clients are endowed with AW; in total, where W; is the total
wealth of cohort t in period t. There is a unit measure of newly-born active fund managers with
zero endowment.

We adopt an OLG framework to avoid tracking wealth shares as endogenous state variables
when characterizing the equilibrium.® Moreover, we assume that agents in our model do not
internalize their descendants’ utility beyond the wealth term in Equation (13) to ensure that agents

in our model are myopic.’

8Kaniel and Kondor (2013) showed how the constant wealth share of fund clients may arise endogenously as
an equilibrium outcome. We can extend the model to endogenize the industry size of active equity funds, but we
emphasize that it is not the focus of this paper to rationalize why a sizable industry of active equity funds would
endogenously emerge as an equilibrium outcome. Rather, this paper explores how agency conflicts between active
equity funds and their clients affect equity prices, given that active equity funds manage a large fraction of equity
market investments.

9Seminal works (e.g., Barro, 1974; Abel, 1987) showed that OLG models with operative bequests are formally



Direct Investors. The direct investor’s wealth is W; ; = (1 — A)W;. Direct investors solve a standard
optimal portfolio problem. Denoting by ¢, ; the optimal portfolio weights of time ¢ investable

wealth W;; — C; 4, we have

Uy(Wy,) = max (1—B)In(Cyy) + B(1 — ) ' InE; [w;;jl] , (14)

$a,1.Ca

subject to the dynamic budget constraint:

Was1 = (Was — Cae —8Q0) [Ry +¢5,(Ria — Rp) (15)

Here, aQ; is the transfer of wealth from direct investors to active funds as discussed in Section 1.2.

Proposition 1.2 (Direct investors). The optimal consumption of direct investors is
Cap = (1= B)(1— A —aq))Wi, (16)
and the optimal portfolio of direct investors is the standard myopic mean-variance efficient portfolio:

1 1
$ar = §2f1 (llt — 11+ EW) ’ (17)

where u and Xy are defined in Proposition 1.1, and v; contains the diagonal elements of ¥.

See Section 2.2 for the proof in detail.

Fund Clients. Fund clients decide the amount of wealth to delegate to the funds, denoted by Q,
and then the fund managers make allocation decisions for the delegated funds. Barber, Huang and
Odean (2016) and Berk and van Binsbergen (2016b) find evidence that fund clients are not perfectly
sophisticated in terms of incorporating the consideration of intertemporal hedging when they

assess fund performance and make delegation decisions. To highlight this lack of sophistication,

equivalent to models with infinitely lived representative agents. Our assumption violates the conditions to ensure
operative bequests. As a result, investors in our model are myopic.

10



we assume that fund clients behave myopically and do not hold rational expectations about funds’
strategies. In particular, fund clients in our model do not properly anticipate that portfolios of
fund managers depend on the delegation choice of the next generation of fund clients. Instead,
we assume that fund clients care about the net alpha of the active managers relative to investing
in the passive benchmark.!’ The fund clients are also free to become direct investors and manage
their own portfolios.

We assume that the fund clients solve the following problem:

Ue (W) = max (1 - B)In(Cor) + B(1 = 7) " InEy | (Worar +wQ)' ], (18)

Cet,Qt

subject to the budget constraint:

Werr1 = (Wer — Cot) Rp + Qt[Rey1(¢ar) +ar — Ry, (19)

and the participation constraint:

U (Wei) > Ug(Wep). (20)

The utility function in (18) contains the non-pecuniary benefit wQ; echoing the important insight
that the net alpha in the eyes of a fund client depends on the client’s specific utility of delegation
(e.g., Ferson and Lin, 2014). And more specifically, the non-pecuniary benefit wQ; can be
interpreted as the trust in active managers perceived by fund clients (Gennaioli, Shleifer and
Vishny, 2015). The wealth evolution according to budget constraint (19) is intuitive. The fund client
consumes C.; out of wealth W, ;, invests W, ; — C.; — Q; to the risk-free bond, and delegates Q;
to the fund manager with perceived return R;11(¢,) + «; and additional non-pecuniary benefit
wQt. The participation constraint (20) recognizes that fund clients are free to switch to direct

investors, and it needs to hold to ensure that fund clients would decide to trust the active funds

1%While we model the behavior of fund clients to be consistent with the main thrust of the recent literature on
mutual fund flow, the precise behavioral assumptions we make are not essential for the key conclusions of our model
about mutual fund hedging of common fund flow shocks, and the risk premium the flow-hedging demand generates.
The essential element of the fund client’s behavior is that they reduce their investment in equity mutual funds in
high-uncertainty states when facing heightened economic uncertainty.

11



and delegate their investment management. When the term, wQ;, is sufficiently large, fund clients
would choose to delegate their investment management even when the net alpha «; is negative.
The following proposition characterizes the optimal consumption and delegation decision of

fund clients.

Proposition 1.3 (Fund clients). If the perceived benefit from active management is sufficiently large
relative to the cost of delegation, i.e., ® + w > 0~ 'BA + f, fund clients choose to delegate their portfolios to

the active funds. In this case, the optimal consumption of fund clients is

Cer = (1—B)AW,, (21)

and the total amount of asset management service demanded by fund clients satisfies

o CL)+IXt
q: = pA (1 + T ) , (22)

where w is the non-pecuniary benefit as in (18), and the term “yh; captures the effective risk aversion with
T

3= [(pL — L) + %V] Y1 [(pL —L,)Ch + %v], and v = diag(X). Here p, L, and {, are defined in

(2), (3), and (4), respectively.

In our theory, delegation to active funds is endogenously caused by (i) the net alpha of the
active asset management «;, (ii) the non-pecuniary benefit of the fund client, w, and (iii) the
degree to which the excess return incentivizes the investors to delegate their wealth to active asset

management, captured by economic uncertainty /;. The proof of Proposition 1.3 is in Section 2.3.

Active Fund Managers. The AUM of an active fund at the beginning of period t is Q; and the
revenue of the fund is advisory fee fQ;. We assume that the fund manager of cohort t gets paid by
fQ¢4+1 in period t 4 1, meaning that there is no agency conflict between the fund complex and the
11

fund manager. A similar simplifying assumption has been commonly adopted in the literature.

What is crucial for our theoretical results is that active fund managers are concerned with their

11E.g., Brennan (1993), Gémez and Zapatero (2003), Basak, Pavlova and Shapiro (2007), Chapman, Evans and Xu
(2010), Cuoco and Kaniel (2011), Kaniel and Kondor (2013), Basak and Pavlova (2013), and Koijen (2014).

12



fund’s AUM, a fact that is robustly supported by data from the US (Cen et al., 2023) and Sweden
(Ibert et al., 2018).12

Active fund managers in our model can save, and they don’t have to consume fund revenues
immediately period by period. But, importantly, we assume that active fund managers cannot
invest in risky assets using their private wealth. This simplifying assumption has been widely
adopted in the literature (e.g., Berk and Green, 2004; Cuoco and Kaniel, 2011; Kaniel and Kondor,
2013) for technical tractability, and enables us to avoid keeping track of active fund managers’
private wealth, investment decisions, and associated constraints. Our theoretical results apply as
long as the fund manager is unable to hedge against the flow risk fully by trading on a personal
account for reasons such as liquidity constraints, leverage constraints, and frictions associated
with short sales.

The active fund manager of cohort t chooses fund portfolio ¢, + and consumption C;, ; optimally

to maximize the utility in Equation (13) subject to the budget constraint:

Wint+1 = fQr+1 — Cu iRy, with (23)
Qrr1 = Qt [Re1(Pms) + o] + Qiflowyyq, (24)
fund ;gturns fundﬁows

where Q; is the delegation characterized in Equation (22) given net alpha «; and aggregate state
hy, and Q¢ flow; 1 is the net fund flow into the active fund.’3

Equation (24) essentially gives the definition of the fund flow, denoted by flow;1:

flowy11 = Qrn = Qr [Rétl (Pmt) + lxt]. (25)

The dynamic budget constraint in Equation (24) is very intuitive. The total asset valuation

12Both papers document the fact that the compensation of individual fund managers is influenced by fund flow
and return, primarily through their AUM (or revenue). Importantly, Cen et al. (2023) provides direct evidence from
US data, indicating that the relationship between fund manager compensation and AUM (or revenue) is causal, that
is, contractual in nature.

13We assume that active fund managers are myopic to highlight that our equilibrium results do not require any
agents to engage in intertemporal hedging. This assumption is in fact consistent with active fund managers’ short-term
focus stemming from their career concerns (e.g., Prat, 2005; Hermalin and Weisbach, 2012).

13



at the beginning of period t + 1 is Q; [Ry11(¢m+) + a¢] because active fund managers would
consume management fees fQ; and incur costs ¥(q¢)Q; to add value wQ; for active funds.

The total AUM at the beginning of period t + 1 is the sum of the fund return and fund flow:

Qi1 = Qt [Re1(Pmt) + ar + flowyq].

1.4 Equilibrium

Fund flow flow;;1 and net alpha «a; after fees are endogenous, driven by aggregate shocks in a
predictable way in equilibrium. Below, we describe how fund flows depend on fund managers’

portfolio ¢, and aggregate shocks u;.

Equilibrium Delegation and Endogenous Flows. Market clearing in the market for delegated funds is
described by the two relations between the total amount of delegated capital and the net alpha —
the first describing the alpha production technology of mutual funds, and the second describing

the delegation decision of fund clients:

gr =0(®@ — f) — 6a; (funds’ supply for asset management service),

qt:[BA(l—i—

w + e
Thi

) (clients” demand for asset management service).

Proposition 1.4 below summarizes the solution. The proof is in Section 2.4.

Proposition 1.4 (Equilibrium delegation and alpha). The equilibrium amount of delegation q; and the

net alpha wy are given by

X = —w +

O(x+w—f)—pBA B O +w—f)—PpA
0 + BA/ (7hy) and g = pA |1+ 07h; + BA ’ (26)

where w is the non-pecuniary benefit term in (18), 7y is defined in (22), and gross alpha «, cost coefficient 6,
and advisory fee f are defined in Section 1.2.

Corollary 1.1 (Countercyclical net alpha and pro-cyclical delegation). When the benefits from active

management are large relative to the cost of delegation, i.e., @ + w > 071 BA + f, the equilibrium net alpha

14



of funds is countercyclical and the equilibrium delegation is pro-cyclical. That is, u; rises and q; declines as
uncertainty hy increases:
ou d
t d 94t

— >0 an

o ohs <0. (27)

With the characterization of equilibrium delegation 4;, we are now ready to characterize the

endogenous fund flows in equilibrium. We first conjecture the equilibrium aggregate fund flow

flowys1 — Ey [flowg1] ~ VVhiAuyi, (28)

where E; [flow; 1] € R and A € R'*F are to be determined in the equilibrium. According to (24),
the process of fund flows can be approximated as shown in Proposition 1.5, whose proof is in

Section 2.5.

Proposition 1.5 (Equilibrium aggregate fund flows). The exposure of common fund flows to the

aggregate primitive shocks satisfies

A

o+ [1—n(h)] AKT (In + KKT> B K, (29)

where function q(h;) is defined as in (26). And thus, the exposure of common fund flows to the agqregate

primitive shocks is

A=, {Ik — [1—n(m)] K" (In + KKT>_1 K}_l, (30)

where 7(h) = q(h)/ [(1 = A)B + (1 —&)q(h)] and n(h:) captures the endogenous delegation intensity,

which is derived in Theorem 2 below.

According to Corollary 1.1, each element of 2 ((l}zl))

ative relation between primitive shocks and changes in equilibrium delegation g;, as well

o is negative, which captures the neg-

as the mechanical relation between fund flows and fund size, q;. Because the k x k matrix
[1—n(h)] KT (I, + KKT) TKis positive definite, Proposition 1.5 shows that the flow-hedging
portfolio held by the active fund managers has a dampening effect on the sensitivity of fund flows

to primitive shocks in equilibrium (i.e., the magnitude of A decreases in 7(h)). Meanwhile, the

15



eigenvalues of [1 —#(h)] KT (I, + KKT) ~1 K are all between 0 and 1, and thus, exposure of fund
flows to aggregate primitive shocks exists and is (approximately) equal to the quantity in (30).
We emphasize the endogenous nature of fund flows, which is manifested by the fact that the
endogenous steady-state delegation intensity is determined by the market clearing condition of
competitive equilibrium illustrated in Theorem 2 below.

Theorem 1 shows that the optimal portfolio of the fund manager has two components — a

myopic and a flow-hedging component. See Section 2.6 for proof.

Theorem 1 (Equilibrium fund portfolio). Fund managers hold a tilted portfolio to hedge against

fluctuations in fund flows at the cost of a reduced Sharpe ratio:

Pmt = Pat — Pots (31)

where the optimal portfolio of the fund manager, ¢y, 1, is different from that of the direct investors, ¢, (i.e.,
the mean-variance efficiency portfolio), and the portfolio tilt of active fund ¢ is the hedging demand for
the common fund flow:

P =2 1By (32)

Here, By = Covy [t441, flowsi1] is the vector of fund flow betas, and in equilibrium, By = Bh; with

B ~ KAT € R™ L. Subscript T in ¢+ stands for tilting.

The main theoretical result of this paper is that the portfolio tilt of the active fund relative to
the benchmark is, on average, greater when the common fund flow beta is higher. We formalize

this insight in Corollary 1.2, whose proof can be found in Section 2.7.

Corollary 1.2 (Portfolio tilt and common flow beta). The cross-sectional covariance between the two

n-dimensional vectors By and ¢ is always positive:

Cov B¢, o] > 0, foreach t. (33)
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Competitive Equilibrium. Now we formally state the definition of the equilibrium. We focus on
the symmetric competitive equilibrium with atomistic homogeneous fund managers, fund clients,
and direct investors. Formally speaking, we are looking for a stationary symmetric competitive

equilibrium defined as follows.

Definition 1.1 (Competitive equilibrium). A competitive equilibrium is a price process, P;, for the stocks,
a risk-free rate, r¢, a fund’s net alpha process, ay, offered by the fund, consumption processes Cct and Cq ; of

investors, and portfolio processes ¢ 1, Pm t, and q; of investors such that
(i) given the equilibrium prices, fund’s excess return, and aggregate allocations,

(i.a) each direct investor’s consumption Cy; and portfolio strateqy ¢4, are optimal in terms of

maximizing the utility in (14) subject to (15);
(i.b) each fund client’s consumption C.; and delegation decision (portfolio strategy) q; are optimal in

terms of maximizing the utility in (18) subject to (19) and (20);

(i.c) each fund manager’s portfolio strategy ¢y, s is optimal in terms of maximizing the utility in (13)

subject to (23) and (24);
(ii) prices Py, risk-free rate r¢, and fund’s net alpha a; clear goods, assets, and delegation markets:

(ii.a) goods market: Y ' 1 Djy = Cyy+ Cop + fQr + ¥ (q:) Wy,
(ii.b) delegation market: =1 (& — a; — f) = qu;

(ii.c) assets market: Qippr+ Wiy — Car — Q| g = [War — Cap + (1 — &) Q4] ;”kt.

The market clearing condition (ii.a) reflects that the total goods, } /' ; D;; are either consumed
by the agents (i.e., Cy; + Cct + fQ;) or used by the active fund managers to create gross alphas (i.e.,
¥ (g¢)W;). The market clearing condition (ii.b) is essentially the demand curve of delegation (12),
and the supply curve of delegation (22) results from the optimization condition (i.b). The market
clearing condition (ii.c) effectively characterizes the market portfolio in the economy, leading to
the relation among the market portfolio, the myopic portfolio, and the active fund’s portfolio,

summarized in Theorem 2.
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The great contribution of the CAPM theory is to connect systematic risk to return covariance
with the market portfolio returns, which can be approximated in the data. Considering the
deviation of active equity mutual funds’ holdings ¢y, from the market portfolio, ¢/*, we can

construct useful empirical tests for our fund flow hedging results. Specifically, the testable

implication can be summarized in Theorem 2. See Section 2.8 for proof.

Theorem 2 (Portfolio tilt from the market portfolio and common flow beta). The fund managers

hold a tilted portfolio to hedge against fluctuations in fund flows, relative to the market portfolio:

Pt = O™ — (1= 1) P, (34)

where 1y = n(he) = q¢/ [(1 — A)B+ (1 —=)gq:] € [0,1], and portfolio tilt of an active fund (1 — ;)P is
the additional hedging demand for the common fund flow relative to the market portfolio, with ¢ defined
in (32). Thus, the cross-sectional covariance between the deviation of fund holdings from the market portfolio

and the common flow beta is always negative:
Cov | By, ot — " | < 0, for each t. (35)

In equilibrium, common fund flows respond to aggregate economic shocks, and thus risk
premia analogous to the hedging term in the ICAPM emerge even in a myopic environment,

which is summarized in the following theorem, whose proof is in Section 2.9.

Theorem 3 (Conditional two-beta asset pricing model). For any portfolio i 1(¢) = ¢ ri 11 with
17¢ = 1, the risk premium is explained by the covariance with the market return, denoted by ry,1(¢/"*),

and the covariance with the common fund flow, denoted by flow;1:

B [rea(¢)] —rp + %¢TW ~ yCouy [Vt+1(4>)/ rt+1(¢§nkt)} + n1yCovt [re11 (), flowia],

/

explained b;rmarket beta explained by flow beta

where %cpTvt is the Jensen’s term and n; is defined in Theorem 2.
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If Covy [r11(¢), flowsiq1] < 0, portfolio ¢ provides a natural hedging against fluctuations in

the common fund flow.

Corollary 1.3 (CAPM holds when there is no delegation). When there is no delegation in the economy,
i.e., A =0, Theorem 3 implies the conditional CAPM:

E¢ [ ()] —rp + %¢Tvt ~ yCov [rtJrl(‘P)/ rera( ?kt)] : (36)

It further implies that the CAPM holds:

E |:7’t+1 (¢) — e+ %‘PTW] ~ 5mkt((]§)l\. (37)

where B (¢) = Cov [ri11(9), Pri1(§FK)] / Var [Py (9)"")] is the market beta with Fyiq (¢ =
_ T
rep1 (QIKD) — By [re1 (%)), and A = yvh [(pL — 1) + %v] >l [(pL — I, + %v} is the market

price of risk.

When there is no fund client in the economy (i.e., A = 0), the equilibrium delegation is 0 (i.e.,
g¢+ = 0) according to Proposition 1.4, leading to #; = 0. In this case, every investor consumes
Ct = (1 — B)W; and holds the mean-variance myopic portfolio ¢, ; = %Zt_l (ptt —rf+ %vt>. The
proof of Corollary 1.3 is in Section 2.10.

Corollary 1.4 (Multifactor asset pricing). The primitive aggregate shocks are correlated with the common

component of fund flows, so they are priced in the cross-section just as in the ICAPM framework:
1 k
Ey [res1 ()] —rf+ E‘PTW ~ 7Cov; |1111(¢), Vt+1(4’?lkt)] + ) 1A VhiCovy [ri41(¢), Ujpr1]
j=1

where %cpTvt is the Jensen’s term, Aj is the j-th element of A, and 1y is defined in Theorem 2.
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2 Proofs for the Extended Model

This section presents the proofs for the theoretical results pertaining to the extended model, which

are parallel to those for the simple model presented in Dou, Kogan and Wu (2023b).

2.1 Proof for Proposition 1.1

According to (3), the log-linearization approximation leads to the following representation:
Tyl = LZH-l — 2zt + Adt+1 + 4. (38)
Plugging (1) and (4) into the equation above, we can obtain

res1 ~ LG+ Cu(hen — R) — (§+ Qu(he — h)) + g+ VIeBugq + Vhergr + L. (39)

Further, if we plug (2) into the relation above, we can obtain

rev1 ~ LG+ Culp ) + Vo)) = (G + Gn(he — 7)) + p+ VhiBupyy + v/ heriq + L. (40)

Rearranging terms further leads to

Fion ~ By [rega] + ViK1 + VI, (41)
where
E; [rio1] = s+ £+ (L — L) + (oL — L) Zu(hs —R) and K = L0 + B. 42)

Moreover, if h; = 0, all assets are risk-free during period t. Thus, the conditional expected
returns in y; all equal risk-free rate r;. Therefore, according to (6), the log risk-free rate must

satisfy the following condition in the equilibrium to rule out arbitrage opportunities:

ril & [p 4L+ (L — 1)) — (oL — L) gyh. (43)
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We now derive the expression for the conditional expected log excess return, which is ap-
proximately proportional to the stochastic variance h; In fact, based on (6) and (43), it follows

that

IE; [rt—l—l] — Tfl ~ (pL — In)éhht (44)

2.2 Proof for Proposition 1.2

Plugging in the budget constraint, the optimization problem can be rewritten as

1—
max (1 B)In(Cyr) + BIn(Wa, — oy — 500 + B~ 1) iniEy { [Ry + o, (Rea ~Rp)] ).

Thus, the unit EIS allows for the separation of optimal consumption and optimal portfolio

problems. The optimal consumption is straightforward to derive:

Car = (1= B)(War —aQy). (45)

Following Campbell and Viceira (1999, 2001), we approximate the dynamic budget constraint

rer1(Par) = In[Rer1(dg¢)] as follows

1
rea1(Pap) = rp+ @ (ree — /1) + E‘P;,t (0r — Zipar) (46)

where v; = diag(Y;) is the vector that contains the diagonal elements of ;. The optimal portfolio

problem becomes

rgax(l — ) 'InkE; {e(l_ﬂ 10 (e —r D)+ 57, (0= Zea )| } (47)
d,t

Using the moment generating function of multivariate normal variables, it follows that

E, { o= rpted (re—r D)+ 37 t(vt_zt‘f’d,t)]} — =Dt (=) + 507 (00=Tupa ) |+ (1=7)> 305 Zedha
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Thus, the optimal portfolio problem can be further rewritten as

1
max ¢, (1 — 11+ 5v) = 290, e (48)
Pat

The first-order condition leads to
1o, 1
¢d,t = ;Zt (‘l/lt — T’fl + El/t). (49)

2.3 Proof for Proposition 1.3
Denote ¢ = % Plugging in the budget constraint, the optimization problem can be
c, c,

rewritten as

(Pm%x (1—=PB)In(Cqr) +BIn(Wer — Cep) (50)
c,t/\~c,t

+B(1 = 7) " InE: { [Ry + s (Resa(gus) + e +w = Rp)]' 7},

Thus, the unit EIS coefficient allows for the separation of optimal consumption and optimal

portfolio problems. The optimal consumption is straightforward to derive:

Cc,t = (1 - ,B)Wc,t (51)

= (1— B)AW,. (52)

Following Campbell and Viceira (1999, 2001), we approximate the dynamic budget constraint

ai+1(@a) = In[Rep1(¢pa ) + ar + w] as follows

Tap1(Par) = In[Rep1(Par) + ar + w) (53)

1
Rt @+ rp+ Gy (ren = 161) + Shy (00— i), (54)
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where v; = diag(X;) is the vector that contains the diagonal elements of ;. Again, appealing to
Campbell and Viceira’s approximation method, the following log-linearization approximation

holds:

In [Rf + ¢ot (Reg1(¢a) +ar +w — Ry)]

1
~ rf + ch,t [ra,tJrl (¢d,t) - rf} + 54)(3,1’(1 - ¢C,t)¢£tz‘t¢d,t' (55)
The optimal portfolio problem can be approximately rewritten as

rgax(l _ ,)/)—1 InE; {e(l_')/)[(pc,t(at'f'CU)“!‘q)c,t‘P;,t(rtJrl_7f1)+%4’6,1‘(1—¢c,t)¢£tzt¢d,t+%¢c,t¢£t(Z)t—th)d’t)] } .
c,t

After calculating the moment generating function and rearranging terms, searching for the optimal

¢c,+ is equivalent to solving the following maximization problem:

1 1
rgatx $e,t(ar + w) + 4>C,t4>§, ; (yt —rf+ Evt) - §7¢?,t4>§,t2t¢d,t- (56)

The first-order condition is

1
O=ua;+w+ (P;t (Vt — Vfl + EW) - 74’c,t¢£t2t4’d,t- (57)

Thus, according to Proposition 1.2, the optimal delegation ¢, is

1 1 T w + OCt
= (WP g ) =1+ , (58)
bot = o ( 07T ) -
where the effective risk aversion is
, 1\ 1
Yt = S/, with Sy = |y — reil+ Evt %, ue—rel+ Evt . (59)
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According to Proposition 1.1 and Equation (7), it holds that
1 1
pe —rel+ SVt = (oL — 1,)¢, + v hy and X; = Zhy. (60)

Therefore, by plugging (60) into (58), it follows that

w + ¢
Yhi

47c,t =1 + ’ (61)

_ 1 T —1 1
where 7 = (pL—In)§h+§v] z [(pL—In)Ch—l—zv} /7.
And hence, it holds that

o= ot et 6
— A (1 + “’%f’) : 63)
Finally, after rearranging terms, it follows that
U (Wei) — Us(We i) = Bpe(ar + w) — In (1 — %qt> (64)
—pgc(wo— 6"t +7— 1) ~In (1 {ar) )
= fpe(w —0""qi +a— f) (66)
> 0. (67)

When w +& > f+ 67'AB as assumed in the proposition, the last inequality in (67) can be

established by plugging in the equilibrium delegation g; derived in Proposition 1.4.
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2.4 Proof for Proposition 1.4

The equilibrium net alpha «; and asset management services (i.e., delegation) q; are determined

by solving the intersection point of the following equations:

gt =0(@ — f) — 0a; (g: supplied by funds),

gt = BA[1+ (w +a¢)/ (7he)]  (9: demanded by fund clients).

Plugging (69) into (68) leads to the results.

2.5 Proof for Proposition 1.5

By definition, the aggregate fund flow is

flow;q = Qgtrl — Ryy1(Pmt) — ar
W
= % Vt\,tl — Ry 1(Pmi) — as

_ G Wi —Cap + (1-2)Q
qt Wi

Thus, the aggregate fund flow can be rewritten as

flow; 41 = qq—l (1= A)B+ (1= &)q8] Ry (@) — Resa(pms) — e

— AIn(ge) +Hn[(1-A)+ (=Bl 471 (O _ prin@ms) _ g,

Log-linear approximation leads to

flow; 1 = Aln(gi41) +In[(1 = A)B+ (1 —&)q:]

+ 741 (PI) — 741 (@) — @ + Jensen’s term at t.
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According to Proposition 1.1, it holds that

flowss1 — Er [flowpa] ~ /he [‘; (<f’)> Ot + (S — ) TKitar + (@1 — ) Terss
~ B((E)) outrq + (PP — ) TKitgyr |, (73)

where the approximation in (73) is based on (¢/"* — ¢, +)Te; 11 ~ 0 as n approaches infinity.
Given the market clearing condition on assets, we have the (approximated) relation in Theorem

2, which leads to

OV = s + (1 — 1) pas
()t 4 [1 =11 ()] pa,

where 7: = g4/ [(1 — M) B+ (1 —w)q4].
Thus, it holds that

flowes = Ee ftowa] = Vs { T8 b 10 0] (s = )" Ko}
— VI { Z/((__)) ottper + [1— 5 ()] (2;1&) ! Kutﬂ}
— \/h_t{‘;/((__)) T + [1— U(Fz)]BTZIKutH}
= VI {’:((}_;)) otiper + [1— 5 (R)]BT (In + 1<1<T> o KutH} :

According to Theorem 1, we can further obtain that

Flow; 1 — Ey [flowi1] ~ V/hy {%aum +[1 —n(h)]AKT (In + KKT) B KutH} . (74)

Therefore, the exposure coefficient is

A= ’Z]I ((;}))0' +[1— 5 (R)]AKT (In + KKT) Tk (75)
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2.6 Proof for Theorem 1

The portfolio choice is based on the competitive prices and aggregate fund flows in the equilibrium,

including e, P oo, and flow; 1. We can rewrite Ry 1(¢mt) + a; + flow; 1 as follows:

Riv1(Pme) +ar+ 701 = Riy1 () (76)
= Rf+ ¢ (Risq — Rf1), (77)
where
. 1 . R+ + flow
G = and Ry, = | T lown (78)
Pm Ry

Similar to Campbell and Viceira (1999, 2001), we can derive the approximation based on Proposition

1.5 as follows:

ll’l(Rf + o+ flOZUH_l) ~ 11’1(1 + rf + o+ flOZUH_l) (79)

1
=~ T’f + oy + flOZUlurl — EAATht, (80)
where —}AATh, is the Jensen’s term. Therefore, the log returns are

re+ o — lAATht + flow;4q
Faa=| 2 , (81)
Tt41

and the log returns are distributed as
Pro1 = fir + Zerpyn, (82)

where

re+oa; —2AATh + E; [flow _ AAT AKT
fly = f 72 ! i [f t+1] and 2; = hy. (83)
1y KAT X%
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Now, we can apply the approximation of Campbell and Viceira (1999, 2001) again to obtain the

following relation:

i1 (Pme) = In [Req (Pt ] (84)

T 1. e s
R rpt G — rp1) + §¢nT1,t(Ut — ZtPmyt), (85)
where 7; is the diagonal vector of P

AATH,

gz
|

(86)
Ot

As a result, the augmented log returns are

- = 1 1.+ . 1.7 ~ -
o1 (Pme) = 1y + (rp + ar + flowpsq — EAATht — 1)+ G (11 — 741) + Egban,tvt - 54’71T1,t2t4’m,t

1 1 1
=rf+ar+ flow1 — EAATht + 4)},;,t(rt+1 —rfl+ Evt) — E(,b;,tztcpm,t — AKThtgbm,t-

Define B; = Bh; with B = KAT. And thus, B; is the covariance of the stock log returns and the
aggregate flow:
B = Covy [1p41, flowsi1] . (87)

Then, the augmented log returns are
2 (F LT T 1 L7 T
Fro1(Pmt) = 15 +ar + flowpq — §AA Bt + Gy (i1 — 761+ Evt) — §<Pm,t2t4’m,t — B Pt
The optimal portfolio problem for fund managers can be simplified as

_ )1 (1=7)Ft11(Pm,t)
I(I;maj((l 29 ln]Et{e b+ } (88)
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After calculating the moment generating function, the optimal portfolio problem can be further

rewritten as

1
max P (pt —1p1 + S0t Bt) — %4’%216%,15 + (1= )¢y, Br. (89)

The standard quadratic optimization problem leads to the optimal portfolio of fund managers:

1 1 _
Pmp = ;Zt ! (]/lt —rf+ 5%) — 1B, (90)

= pa; — Xy 'Br. (91)
Because B; = ;B and X; = h;X, it holds that
Pmi = pap— LB, (92)

2.7 Proof for Corollary 1.2

The cross-sectional covariance between B; and ¢+ for each t is equal to
Cov [By, ry] = n ' BIS 1B, — n 2 <1T3t) <1T2;13t> . (93)

Because Y is a positive definite symmetric matrix, according to the Cauchy-Schwarz inequality, it

holds that

n 18IS 18, = nY(BI117S,1/2) (27128 (94)

<n YBI11Te 111T8,)V2(BI 2, 1B,)1/2 (95)
Thus, to show Cov [By, ¢ ¢] > 0, it is sufficient to show that

n 1T 11T, < nlBIx B, (96)
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We denote x = n_l/ZZ*UZBt and ¥y = n—1/22*1/21, and thus, the inequality above can be
t y f q y

rewritten as

xTny < xTx,

where H,, is the orthogonal projection matrix, H, = y(y’y) !

once we realize that H, is an orthogonal projection matrix.

2.8 Proof for Theorem 2

The market clearing condition of assets (ii.c) can be rewritten as

Gepm,t + (1= M)B —&qe] gy = (1 — M)B+ (1 —@)qe] ™.

Plugging ¢ = ¢t + ¢+ into the equation above, we obtain that

Pmt = O™ — (1= 171) .

where 7: = g¢/ [(1 — A) B+ (1 —w)q4].

Therefore, the portfolio of direct investors is

bar = P + i .

2.9 Proof for Theorem 3

(97)

y’. Inequality (97) is obviously true

(98)

(99)

(100)

Based on the fund manager’s optimal portfolio derived in Theorem 1 and the direct investor’s

optimal portfolio in Proposition 1.2, it holds that

1
pe— 15+ SVt = Yt Pt + ¥Bt.
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According to the market clearing condition of assets (ii.c), it holds that

Pt = 17 o™ — (771 — 1)y (102)

_ _ 1 1
=0 9 = (g = DR (e =g+ o). (103)
Plugging (103) into (101) and rearranging terms leads to
1 mkt
Ut — T’fl + E’Ut = ’)’thbt + T]t’)/Bt. (104)

Therefore, for any portfolio r;1(¢) = (pTrt_|_1 with 1T4) = 1, the risk premium is explained by

the covariance with market return, denoted by rﬁ’_‘{, and the covariance with common fund flow,
denoted by flow;q:
1
¢T (e —rpl + Evt) ~ yCov; [Vt+1(¢)zrt+1(¢?1kt)] + 111vCovy [1141(P), flows 1] . (105)

210 Proof for Corollary 1.3

According to Proposition 1.4 and Theorem 2, when A = 0, g; = 0 and thus 7; = 0. Therefore,
Theorem 3 implies the conditional CAPM when A = 0:

§ ( — rf1+ 300) ~ 7Cove [ (9), e (974)] (106

= Cov [ris1(@), Pt (¢1™)] (107)

with 71 (¢)") = 11 (™) — Eerppq (97X,

When A = 0, the market portfolio is the mean-variance efficient portfolio:

1_ 1
MR = Py = ;zt Yy — ril+ Evt) (108)

1 1
= ;z—l (oL — I,)Z, + Mk (109)
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Thus, ¢/"** has constant portfolio weights, denoted by ¢,

Further, according to (107), it holds that

Covy [r111(9), i1 (9]

. 1 _ o mk

¢ (e — g1+ Sop) = yVary [”“((P t)] Varg [P (¢")]
TZ mkt

= yVar, [ﬁﬂ(‘?mkt)] W

Taking unconditional expectations on both sides leads to

(PTZ(Pmkt

1
E [‘PTTH—I —rF §¢T0t} = AW

where A = vh [(pL — 1,0 + %v} TZ—l [(pL — L)+ %v]

Lastly, —((PMkt)TZ(Pmkt is actually the unconditional CAPM beta:
pTzp™ o, _ Cov [re21(9), Pria (¢™F1)]
(@mk) TEgrkt ) = Var [7r41(¢™ )]

Therefore, the unconditional CAPM holds:

1
E [¢p"rpq — 15+ 54’T0t = " () A.
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